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→ T- A bijective arte bd → by inverse mapping
thm f-A 5

'
is bla ! So A c- gct)

We can frutta split the spectrum in diff .

Components :
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Relations befueen set) and It' )
/ sett) adzoint in

Hilbert spera

thè ✗ Barack
,
TELCX) =D ECT) - set' )

H Hilbert
,
te ICH) =D 6cm = 471 I c-ott)}

parole it will follow from the following proputj :

teff) invertite <⇒ TI c- LCÀ) invertibile

lndeed T- A invertibile ⇐ T
'
-
A invertire

Ie flt ) ⇒ te pct
' )

it H Hilbert
,
un (T -A)

*
= t' - I

•

Pry 1- c- Lcd inutile <⇒ T
'
c- FIKI invertibile

prof ⇒) If ST -TS =# ⇒ s'T ' = T' s' =#

⇒ If ✗ reflex.ie ,
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'
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⇒ fate ✗
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E light ital V-setc-B.IO )

⇒ { take Html
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Lemme ✗ c- srpct) ⇐ In /T ' -7 ) not dense

( in particular if fzerlt ' -11=0 ,
the 7 c- [(F))

pref ✗ c- srpct) ⇐ baita) =/ ho}
Il Identity e

+
( lmlt

'
- A) )
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'
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EXAMPLESDVolt-moped-r-tick.is ) → CCIAA)
f- It) → Ittiti = [fisds

0

Note that it " c- 1 & T compact operator
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,
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""
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,
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, . .
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⇐
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a
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'

:
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¥ Idea ⇒ A estpll)

→ 1111213 E due tizi e 13

6lb) closed ⇒ the flat ed 3
.

Rights •CRI = -ll) = 4171 E 1}
0 = A sez

lat laica : eignwehes ? Rae = Ar ⇐ sei e Aaa

!
If A #o Men 2=0 m ha ( R- A ) =p)

From proposito f- laica : AE tpll) ⇒ in -11 rottame|
hair-A) ehi

→ A e gir)

teiera : Lisa» the " natura "

of the Spectrum at the

boondanes i IN =L al dio ,

Spectrum of SELFADJOINT OPERATORS

From now
,
H Hibbert

,
TE Lite)

,
+ selfolgont 117 Te tt : ltdiy ) = < se , Ty > VTYYEH
Reale also ( ATF = Ttt

Prof TELIH) , T -t .
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Cit ora) =p

Iiii ) If te
,
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) sbattila)



We nel not the following auxiliary asolts :

Lemmy F- 1-
*

,
and the A. c- ¢

.

Then

HE-1 ) u Il > 11m11 Hull fu c-H

prof < (A -tu , HT ) u) = < u, E) (AT ) n )

= < u
, / 111" _ ( 1- +A) 1- +F) n )

= < u , ( lbf - ZREAT +f) n)

= < n
, ( 11m11

"

+ ( T - Beat) u)
= 11mA FIIUIÌ + < n, f- reati

T-reaselfcf.int
= 11m11

' tutt' + HFreH;È-
711mA /

'
dall
'

a

Ray T : l' / [ai] ) → L' Hai)
f- → (THAI = tflt)

1- = 1- *
,
6 (t) = [ 0,1]

,
Tpa) =p ( direct aonpt)
Ect) =p ( by pop)

→ ott) = ECT)

check directory Het for 1€ [OID
,
1mF -A)

dense but not all L?

EL what happens if t : ecco , /1) → ((to ")) ?



pnof-of-prop.si

C) daini
.

le clip ⇒ FA invuhible

from previo lemma : ha f- 1 ) =p}| In f-Al closed

-

To conclude nota In t.tt = H .

We
one Het

,

analogady Head is the
µstandard athgael

{ of batt - T ) = baht - AN) = ( Intatti
→ lui = H ~ linea ) ed

→ T - A is daje die at the invertite

(il re. 3 Aerea) E IR ⇐i fine § 4

tanta = ho}

As dare
Tetti
Aral

103 = batt - A) = buttato) - ( linea ) )
t

→ Int is dense 1

Iii ) Assume tua = tana
,
tua = 42ha

,
then

Is a me
, na) = <tua

, na) e < ma , Tnz) = freni ,

→ 71 # 42 implica ora L U2
a



thm (Weyl 's Criterion) TELIH) , Tetti ,
then

I krill =L tupesa ) ⇐) 7 """↳ ± "
' |

pytiypeny È
c-

Weyl sequence

prof ⇐) Rc. Aspet) ,
then (1--7)

"
bd

1 = Kant = Il (T -A)
"

(T -A) and s CHIA / senti
→

gi
=) we know Het sett) ⇒

so [
A c-tilt) =p

tale sen e batt - A) fu ✓

A c- sect) no / In (1--7) dense

her (TA ) =p)

lat c :-. inf HIT-A) al .tk. Assou Hit e >o

11×11=1

→ Il f-A) xD > Chad ⇒ link-1 ) closed

| ha (1--7) e {o}
→

H -1m77 = In T- A → T -A muuhble ¥
tiene Ceo a

Lenny TELIH) , F- T
'

.

Assire Het IS» :

ltalia> 7 8 Unita frat

=D T inutile



prof Tinta : tniwl

Tonto : filate etnie) E Atal HUI

→ SINI E 111711

Imt closed I but = 0

lmtelmt = ' ben 1-
*
=

+ but =
103
'

= H

a
T bigeetme → T muehble

the next important results the followg balzati
reset :

trop TELIH) , 1-=# .
Then set) c- [m, M ] with

me inf <Tre
, se>

,
M = sup

<Tse
,
se>

.

KXII =L 11×11=1

Moreau
,

m ,
M c- OTT)

prof we to the prof fa M ( m by exercise )

we know OCT) c- IR . ¥ A > M
, then

< ( A -T) se
, se > } ( 1 - M ) txt

'
reati .

→

By premio lemme AT is invertibile → A c- flt)
we prove

Hit M c- OCT)
. Define the bilineare

four

al my) : = < (M - T) se, y )

it is Symmetric ( t selfcdaomt )
non negative ( by def of M)



Ne epply Candy - Schwartz to alan)

lei 1 E ahhh
"

alyid
"

→ < (M-T ) my) E < (MT ) se, se)
"

<⇒ y, y)
"?

G)

Now we have Net

G)
K (MT) alle snp Katia.gs/E2lM-tzna1

" IIMTIÌ"

Miles

Now just the ( an )
» ,

Handel s. tht <Treu
, ad → M

But then LCM -Tian
,
an) = Mllsenlf - ltnn.mn →o

÷
So UN

µ,
is Weyl seq fa MT ⇒ META)

o

ce TELIHI ,F- tt . Then at lead one amoy lttll , - HTH

blog te ott)
.

prof Reale lltd = Snp 1 Ernest
Niles

= max ( snpltn.rs, - infatti ,»)
M M

↳ Atti = M E-HI

- Utd = m e ott) a

corde Tat ,
then rit) = ll TI

prof htt) = mai { IN c- reti) = 4TH

Care t =P ad atti = lo} =D Teo

Remo Volterra operator has altea and it is not selfddsoint .


